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Abstract

Thispaperpresentsa techniquefor blindly removingim-
agenon-linearitiesin theabsenceof anycalibration infor-
mationor explicit knowledgeof theimagingdevice. Theba-
sicapproach exploitsthefactthata non-linearityintroduces
speci�c higher-order correlationsin the frequencydomain
(beyondsecond-order). Thesecorrelationscanbedetected
usingtools frompolyspectral analysis.Thenon-linearities
can thenbe estimatedand removedby simply minimizing
thesecorrelations.

1. Intr oduction

Mostimagingdevicesintroducesomeform of luminance
andgeometricnon-linearities(e.g.,gammacorrectionand
lensdistortion).For many applicationsin imageprocessing,
digital photographyandcomputervision it is advantageous
to remove thesenon-linearitiesprior to subsequentprocess-
ing. For example,geometricnon-linearities(e.g.,lensdis-
tortion) may interferewith structure/shapeestimationand
imagemosaicing.Luminancenon-linearities(e.g.,gamma
correction)mayinterferewith shapefrom shadingandpho-
tometricstereo.

Typically, luminancenon-linearitiesare estimatedby
passingacalibrationtargetwith afull rangeof known lumi-
nancevaluesthroughthe imagingdevice (e.g.,a Macbeth
chart [1]). The resultingmeasurementsareusedto deter-
mine the functional form of the non-linearity. Similarly,
geometricnon-linearitiesareestimatedby imaginga cali-
brationtargetwith known �ducial points.Thedeviation of
thesepointsfrom theiroriginalpositionsis usedto estimate
theamountof distortion(e.g.,[13]).
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If a device's non-linearity is constant,then the device
can occasionallybe calibratedand the non-linearitiesre-
moved by passingthe imagesthrough the inversemod-
els. However, if direct accessto the device is not possi-
ble or if it is impracticalto placea calibrationtarget in the
scene,thenthis procedurebecomesconsiderablymorebur-
densome. In addition, imagenon-linearitiesmay change
dynamicallywith thecameraandscenedynamics.For ex-
ample,mostcommercialdigital camerasdynamicallyalter
the luminancenon-linearitydependingon the scenelumi-
nances.Similarly, changesin focal lengthandzoommay
alter theamountof lensdistortion. Undertheseconditions
a singleoff-line calibrationis insuf�cient: thedevice must
bere-calibratedwith every image.

Weproposeatechniquefor blindly removing imagenon-
linearitiesin the absenceof any calibrationinformationor
explicit knowledgeof the imagingdevice. The basicap-
proachexploits the fact that non-linearitiesintroducespe-
ci�c higher-ordercorrelationsin thefrequency domain(be-
yond second-order).Thesecorrelationscan be estimated
usingtools from polyspectralanalysis.Thenon-linearities
canthenbe estimatedandremoved by simply minimizing
thesecorrelations.

Polyspectralanalysisand higher-order statisticshave
previously beenusedfor variousforms of imagerestora-
tion: noiseremoval [8], deblurring[14, 4], andspecklere-
moval [9]. Seealso [5, 11, 6] for generaldiscussionsonthe
useof higher-orderstatisticsin imageprocessing.Polyspec-
tral analysishasbeenusedto analyzenon-linearitiesin sig-
nals(e.g,speech[2]).

Insightis gainedinto theproposedtechniqueby consid-
ering�rst theeffect of luminancenon-linearitieson a sim-
pleone-dimensionalsignalcomposedof asumof two zero-
phasesinusoids:

f (x) = a1 sin(! 1x) + a2 sin(! 2x): (1)

Whenthis signalis passedthrougha point-wiseluminance
non-linearity new harmonicsare introducedwith ampli-
tudesthat arecorrelatedto the original harmonics[3]. To



seethis more explicitly consideran arbitrary non-linear
point-wisefunction expressedin termsof its Taylor series
expansion:

g(u) = g(u0 ) +
g0(u0)( u � u0)

1!
+

g00(u0 )( u � u0)2

2!
+ ::: (2)

Consideringonly the �rst threetermsof this expansion,
droppingthe variousscalarconstants,andrewriting using
basictrigonometricidentitiesyields:

g(f (x)) � f (x) + f 2(x)

= a1 sin(! 1x) + a2 sin(! 2x)

+ 1
2 a2

1(1 + sin(2! 1x)) + 1
2 a2

2(1 + sin(2! 2x))

+ 2a1a2 sin(( ! 1 + ! 2)x) + 2a1a2 sin(( ! 1 � ! 2)x):

(3)

Notice the presenceof several new harmonics,2! 1, 2! 2,
! 1 + ! 2 and! 1 � ! 2. Notice alsothat the amplitudesof
thesenew harmonicsarecorrelatedto theamplitudesof the
originalharmonics.For exampletheamplitudeof ! 1+ ! 2 is
proportionalto theproductof theamplitudesof ! 1 and! 2.
Thisobservationgeneralizesto arbitrarysignals/imagesand
non-linearities.

In the following sectionswe will show empirically that
whenan imageis passedthrougha non-linearity, higher-
ordercorrelationsin thefrequency domainincreasepropor-
tional to the “magnitude”of thenon-linearity. As a result,
non-linearitiescan be estimatedand removed by simply
minimizing thesecorrelations.This procedurerequiresno
calibrationinformationor explicit knowledgeof the imag-
ing device. We�rst show how toolsfrom polyspectralanal-
ysiscanbeusedto estimatethesehigher-ordercorrelations,
and then show the ef�cacy of the blind removal of lumi-
nanceandgeometricnon-linearitiesin both syntheticand
naturalimages.

2. Bispectral Analysis

Considera one-dimensionalsignalf (x), andits Fourier
transform:

F (! ) =
1X

k = �1

f (k)e� i! k : (4)

It is commonpracticeto usethepowerspectrumto estimate
second-ordercorrelations:

P(! ) = Ef F (! )F � (! )g ; (5)

whereEf�g is the expectedvalueoperator, and � denotes
complex conjugate.However the power spectrumis blind
to higher-ordercorrelationsof thesortintroducedby anon-
linearity, Equation(3). Thesecorrelationscanhowever be
estimatedwith higher-orderspectra(see[10] for athorough

survey). For examplethe bispectrumestimatesthird-order
correlationsandis de�ned as:

B(! 1; ! 2) = E f F (! 1)F (! 2)F � (! 1 + ! 2)g : (6)

Note that unlike the power spectrumthe bispectrumof a
real signal is complex-valued. Comparingthe bispectrum
with Equation(3) we can seeintuitively that the bispec-
trum reveals the sorts of higher-order correlationsintro-
ducedby a non-linearity. Thatis, correlationsbetweenhar-
monicallyrelatedfrequencies,for example,[! 1; ! 1; 2! 1] or
[! 1; ! 2; ! 1 + ! 2]. Thebispectrumcanbeestimatedby di-
viding thesignal,f (x), into N (possiblyoverlapping)seg-
ments,computingFourier transformsof eachsegment,and
thenaveragingtheindividualestimates:

B̂ (! 1; ! 2) =
1
N

NX

k =1

Fk (! 1)Fk (! 2)F �
k (! 1 + ! 2); (7)

whereFk (�) denotesthe Fourier transformof the k th seg-
ment. This arithmeticaverageestimatoris unbiasedandof
minimumvariance.However, this estimatorhasthe unde-
siredpropertythatitsvarianceateachbi-frequency (! 1; ! 2)
dependson P(! 1), P (! 2), andP(! 1 + ! 2) (seee.g.,[7]).
We desirean estimatorwhosevarianceis independentof
thebi-frequency. To this end,we employthebicoherence,
a normalizedbispectrum,de�ned as:

b2(! 1; ! 2) =
jB (! 1; ! 2)j2

Efj F (! 1)F (! 2)j2gEfj F (! 1 + ! 2)j2g
: (8)

It is straight-forwardto show usingtheSchwartzinequality
that this quantityis guaranteedto have valuesin therange
[0; 1]. As with thebispectrum,thebicoherencecanbeesti-
matedas:

b̂(! 1 ; ! 2) =
j 1

N

P
k Fk (! 1)Fk (! 2)F �

k (! 1 + ! 2)j
p

1
N

P
k jFk (! 1)Fk (! 2)j2 1

N

P
k jFk (! 1 + ! 2 )j2

:

(9)
Note that the bicoherenceis now a real-valued quan-

tity. This quantityis usedthroughoutthepaperto measure
higher-ordercorrelations.

3. Luminance Non-Linearities

Shown in Figure1 is a 1-D signal f (x), the log of its
normalizedpowerspectrumlog(P(w)) andits bicoherence
(normalizedbispectrum)̂b(! 1; ! 2). Also shown is thesame
signalpassedthrougha point-wiseluminancenon-linearity
f 1:5(x) andits power andbispectralresponse.Notice that
while the non-linearityleaves the power spectrumlargely
unchangedthereis a signi�cant increasein the bispectral
response.It is theintroductionof thesecorrelationsthatwe
will exploit to estimateandremove imagenon-linearities.
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Figure 1: Shown on theleft is a fractalsignalandon the
right thesignalpassedthrougha point-wisenon-linearity.
While thenon-linearityleavesthepowerspectrumlargely
unchangedthereis a signi�cant increasein thebispectral
response.Theaxisof thebicoherencecorrespondsto ! 1

and! 2 . Theorigin is in thecenter, andtheaxisrangefrom
[� � ; � ].

Webegin by consideringaparametricmodelof thelumi-
nancenon-linearity. A genericoneparametergammafunc-
tion is givenby:

g(u) = u
 ; (10)

where u denotesa pixel's luminancevalue, normalized
into the range [0; 1]. The inversefunction is given by:
g� 1(u) = u1=
 . Given an imagethat hasbeensubjected
to a non-linearityof this form, our task is determinethe
valueof 
 . This valueis blindly estimatedby samplinga
rangeof inversegammavalues1=
 , applying the inverse
function g� 1(u) to the imageandselectingthe valueof 

thatminimizestheaveragebicoherence.

To avoid the memory and computationaldemandsof
computingan image's full four-dimensionalbicoherence,
our analysisis restrictedto the 1-D horizontalscanlines
of an image. This is reasonablesince luminancenon-
linearitiescantypically be modeledas a point-wiseoper-
ationsothatthecorrelationsintroducedin 1-D will besim-
ilar to thosein 2-D.Thenon-linearityg(u) for ascanline is
estimatedby searchingfor theinversefunctiong� 1(u) that
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Figure2: Shown is thebicoherenceof agammacorrected
fractal image,f 1:5(x; y), computedfor a rangeof inverse

gammavalues,[f 1:5(x; y)] 
 � 1
. Thebicoherencereaches

a uniqueminimumat 
 � 1 = 1=1:5.

minimizesthebicoherenceaveragedacrossall frequencies:

�X

! 1 = � �

�X

! 2 = � �

b̂(! 1; ! 2); (11)

whereb̂(! 1; ! 2) is thebicoherencede�ned in Equation(9).
Thenon-linearityfor animageis estimatedby averagingthe
estimatesfor eachhorizontalscanline (or asubsetof them).

In practicethis simple searchstrategy is effective be-
cause the function being minimized is typically well-
behaved,i.e.,containsasingleminimum.This is illustrated
in Figure2 wherethebicoherenceis plottedasafunctionof
varyinginversegammavalues.In thisexamplea512� 512
fractalimagewith a1=! powerspectrumandrandomphase
is subjectedto a non-linearitywith 
 = 1:5. Note that the
bicoherencereachesauniqueminimumat 
 � 1 = 1=1:5.

Shown in Figure 3 are ten images taken from the
databaseof [12]. The 8-bit images, 1024 � 1536 in
size, were originally calibratedto be linear in intensity.
Eachimagewasthenprinted(onenon-linearity),digitally
scanned(a secondnon-linearity)with a �atbed scanner(8-
bit, grayscale),and then subjectedto a variety of gamma
valuesin therange[0:4; 2:2]. Groundtruthis determinedby
appendinga smallcalibrationstrip to thebottomof theim-
ageprior to printing. Theactualnon-linearityis determined
from this calibrationinformation,but only theoriginal im-
ageis usedin theblind estimation.

Thebicoherencefor a1-D horizontalimagesliceis com-
putedby dividing the signal into overlappingsegmentsof
length 64 with an overlapof 32. A 128-pointwindowed
DFT is estimatedfor eachsegment,from which the bico-
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gamma
image 0.42 0.80 1.10 1.63 2.11

0.53 0.70 0.96 1.59 2.17

0.47 0.81 1.12 1.59 2.18

0.46 0.73 1.06 1.48 2.13

0.42 0.72 1.00 1.56 2.16

0.43 0.77 1.02 1.57 2.17

0.54 0.86 1.10 1.58 2.18

0.46 0.80 1.07 1.57 2.18

0.46 0.79 1.08 1.49 2.15

0.50 0.89 1.09 1.51 2.16

0.48 0.79 1.11 1.49 2.19

Figure 3: Each initially linear image is printed, dig-
itally scannedand then synthetically gammacorrected
with 
 2 [0:4; 2:2]. Shown aretheestimatedgammaval-
uesdeterminedby minimizing thebicoherence.

herenceis estimated.1 Thereis a naturaltradeoff between
segmentlengthandthe numberof samplesfrom which to
average.We have found empirically that theseparameters
offer a goodcompromise,however their precisechoiceis
notcritical to theestimationresults.

Theamountof gammais estimatedfor a horizontalscan
line by applyinga rangeof inversegammavaluesbetween
0.1and3.6in incrementsof 0.1andselectingthevaluethat
minimizestheaveragebicoherence,Equation(11). Thees-
timatefor the entireimageis determinedby averagingthe
estimatesfrom everysixteenthscanline. Shown in Figure3
are the estimatedgammavalues. On average,the correct
gammais estimatedwithin 7.5%of theactualvalue.

4. GeometricNon-Linearities

As with luminance non-linearities, geometric non-
linearities(e.g.,lensdistortions)introducesspeci�c higher-
order correlations. This can be seenby �rst considering
what effect a geometricnon-linearity has on a 1-D sig-
nal. Consider, for example, a pure sinusoid: f u (x) =
a1 cos(! 1x), andfor purposesof exposition,considerasim-
pli�ed geometricdistortion: f d(x) = a1 cos(! 1x2). It is
straight-forwardto show that,unliketheundistortedsignal,
this signalis composedof a multitudeof (correlated)har-
monicswhich yields an increasein the bicoherence.This
observationgeneralizestoarbitrarysignals/imagesandnon-
linearities.

As with the luminancenon-linearities, the blind re-
moval of geometricnon-linearitiesrequiresa parameter-
izedmodel. For thepurposesof removing lensdistortions,
we considera one-parameterradially symmetricdistortion
model. Denotethe desiredundistortedimageas f u (x; y),
andthedistortedimageasf d(~x; ~y), where:

~x = x(1 + �r 2) and ~y = y(1 + �r 2); (12)

andr 2 = x2 + y2 , and� controlstheamountof distortion.
Given only a distortedimageour task is to determinethe
valueof � . To accomplishthis we begin with a distorted
imagef d , andsamplea rangeof possible� values,apply
the inversedistortion to f d yielding an undistortedimage
f u , computetheaveragebicoherenceof f u , Equation(11),
andselectthevalueof � thatminimizesthisquantity.

Givena guessasto theamountof distortion,� , thedis-
tortion is invertedby solvingEquation(12) for theoriginal
spatialcoordinatesx andy, andwarpingthedistortedimage
onto this samplinglattice. Solving for the original spatial
coordinatesis donein polarcoordinateswherethesolution
takesona particularlysimpleform.

To avoid the memory and computationaldemandsof
computingan image's full four-dimensionalbicoherence,

1Thesignalis �rst zero-meanedandthenwindowedwith a symmetric
Hanningwindow prior to estimatingtheDFT.
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camera calibrationtarget

distort undistort

Figure 4: Shown alongthetop is a smalllow-gradecam-
era,andacalibrationtargetusedto manuallycalibratethe
lensdistortion. Shown below is an imageof thecalibra-
tion targetbefore(left) andaftercalibration(right).

the bicoherenceis estimatedfrom one-dimensionalradial
slicesthroughthecenterof theimage.This is reasonableif
we assumea radially symmetricdistortionandthatthedis-
tortionemanatesfromthecenterof theimage.2 Theamount
of distortionfor a radial slice is estimatedby a bruteforce
searchfor theinversedistortionthatminimizestheaverage
bicoherence,Equation(11). Theamountof distortionfor an
imageis thenestimatedby averagingtheestimatesfrom a
subsetof radial slices(every 10 degrees).Thebicoherence
wasestimatedasdescribedin theprevioussection.Values
of � from -0.5 to 0.1 in stepsof 0.02 weresampled.The
asymmetryin thesamplingrangewasfor computationalef-
�ciency, andreasonablein our exampleswith strictly nega-
tive lensdistortions.

Shown in Figure 4 is a low-gradecamerausedin our
experiments.Also shown in Figure4 is animageof thecal-
ibration targetbeforeandafter calibration. Theamountof
distortionwasmanuallyestimatedto be� = � 0:16. In the
absenceof this calibrationinformationthe amountof dis-
tortionwasblindly estimatedfor eachof theimagesin Fig-
ure 5. The individual estimatesare� 0:20, � 0:02, � 0:10,
and� 0:14, with anaverageestimateof � 0:13

Becauseof theunavoidablenon-linearinterpolationstep
involvedin thewarpingduring themodelinversion,corre-
lationsarearti�cially introducedthatconfoundthoseintro-
ducedby the lensdistortion. As such,in all of our results

2If the imagecenterdrifts, thena morecomplexminimization is re-
quiredto jointly determinetheimagecenterandamountof distortion.

distort(-0.16) undistort(-0.13)

Figure 5: Shown areseveral distortedimages(left) and
theresultsof blindly estimatingandremoving thelensdis-
tortion (right).

theestimateddistortion� is relatedto theactualdistortion
� 0 by the following empirically determinedcubic relation-
ship:

� 0 = � 1:5784� 3 � 0:7752� 2 + 1:6621� � 0:0089 (13)

Wehave foundthaterrorsin theestimationof geometric
non-linearitiesaretypically higherthanthoseof luminance
non-linearities.We suspectthat thereareat leasttwo rea-
sonsfor this. First, the imagesusedin theseexperiments
are480� 640, signi�cantly smallerthanthoseusedin the
removal of luminancenon-linearities. The shortersignal
lengthmakesit moredif�cult to obtainanaccurateestimate
of the bicoherence.Second,geometricnon-linearitiesin-
troducea multitudeof correlations,while the bicoherence
only measurescorrelationsbetweenharmonicallyrelated
frequencies.In numeroussimulations(not presentedhere),
we wereableto overcomethe noisierestimatesby simply
averagingover � ve to tenimages.As such,weshow in Fig-
ure 5 the resultsof averagingthe estimatesfrom all four
images.In practice,this shouldnot beburdensome,asit is
relatively easyto acquirea smallnumberof images.
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5. Discussion

Image non-linearities introduce speci�c higher-order
correlationsin the frequency domain. Using tools from
polyspectralanalysis,thesenon-linearitiescan be blindly
estimatedandremoved by simply minimizing thesecorre-
lations.In sodoing,neithercalibrationinformationnor ex-
plicit knowledgeof theimagingdevice is required.We did
assumea parametricmodel of the non-linearity. We also
assumedthat the imagenon-linearitiesareappliedunifor-
mally throughouttheimage.A device thatemploys,for ex-
ample,local gaincontrolwill requirea moresophisticated
inversiontechniquethatallows for multiple spatiallyvary-
ing modelparameters.

The blind estimationof luminancenon-linearitieshas
provento bereasonablyaccuratefor mostapplications.The
advantageof thisapproachis thatit doesnotrequireany cal-
ibration.Thedrawbackis thattheblind estimationrequires
acomputationallymoreintensiveestimationof thebicoher-
enceacrossarangeof possiblemodelparameters.Sincethe
minimizationis well behavedthisbruteforcesearchshould
bereplacedwith amoreef�cient search(e.g.,agradientde-
scentminimization).

Theaccuracy of blindly estimatinglensdistortionis by
nomeanscomparableto thatbasedoncalibration.As such
we don't expectthatthisapproachwill supplantothertech-
niquesin areaswhereahighdegreeof accuracy is required.
Rather, we expectthisapproachto beusefulin areaswhere
only qualitativeresultsarerequired.

It is intriguing to observe that the non-linearitiesin an
imagingdevice canfundamentallychangethe statisticsof
an imagewhile not dramaticallyalteringtheappearanceof
an image. This may prove to be useful for understanding
andclassifyingthestatisticsof naturalimages.
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