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Abstract

Thispaperpresentsa tedhniquefor blindly removingm-
agenon-linearitiesin the absenceof any calibration infor-
mationor explicit knowledgef theimagingdevice Theba-
sicappmoad exploitsthefactthata non-linearityintroduces
speci ¢ higherorder correlationsin the frequencydomain
(beyondsecond-ader). Thesecorrelationscanbe detected
usingtools from polyspectal analysis. The non-linearities
can thenbe estimatedand removedby simply minimizing
thesecorrelations.

1. Intr oduction

Mostimagingdevicesintroducesomeform of luminance
and geometricnon-linearitiese.g., gammacorrectionand
lensdistortion). For mary applicationsn imageprocessing,
digital photographyandcomputervisionit is advantageous
to remove thesenon-linearitiegrior to subsequentrocess-
ing. For example,geometricnon-linearitieqe.g.,lensdis-
tortion) may interferewith structure/shapestimationand
imagemosaicing.Luminancenon-linearities(e.g.,gamma
correction)mayinterferewith shapegrom shadingandpho-
tometricstereo.

Typically, luminancenon-linearitiesare estimatedby
passinga calibrationtargetwith afull rangeof known lumi-
nancevaluesthroughthe imaging device (e.g.,a Macbeth
chart[1]). The resultingmeasurementare usedto deter
mine the functional form of the non-linearity Similarly,
geometricnon-linearitiesare estimatedoy imaginga cali-
brationtargetwith known ducial points. The deviation of
thesepointsfrom their original positionsis usedto estimate
theamountof distortion(e.g.,[13]).
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If a device's non-linearityis constant,then the device
can occasionallybe calibratedand the non-linearitiesre-
moved by passingthe imagesthrough the inverse mod-
els. However, if direct accesgo the device is not possi-
ble or if it is impracticalto placea calibrationtargetin the
scenethenthis procedurebecomegonsiderablymorebur-
densome. In addition, image non-linearitiesmay change
dynamicallywith the cameraandscenedynamics.For ex-
ample,mostcommercialdigital cameraglynamicallyalter
the luminancenon-linearitydependingon the scenelumi-
nances.Similarly, changesn focal lengthand zoommay
alterthe amountof lensdistortion. Undertheseconditions
a singleoff-line calibrationis insufcient: the device must
bere-calibratedvith everyimage.

We proposeatechniquéor blindly removing imagenon-
linearitiesin the absencef ary calibrationinformationor
explicit knowledgeof the imagingdevice. The basicap-
proachexploits the fact that non-linearitiesintroducespe-
ci ¢ higherordercorrelationdn thefrequeng domain(be-
yond second-order).Thesecorrelationscan be estimated
usingtools from polyspectrabnalysis. The non-linearities
canthenbe estimatedandremaoved by simply minimizing
thesecorrelations.

Polyspectralanalysisand higherorder statistics have
previously beenusedfor variousforms of imagerestora-
tion: noiseremoval [8], deblurring[14, 4], andspecklere-
moval [9]. Seealso [5, 11, 6] for generaldiscussiongnthe
useof higherorderstatistican imageprocessingPolyspec-
tral analysishasbeenusedto analyzenon-linearitiesn sig-
nals(e.g,speech?)).

Insightis gainedinto the proposedechniqueby consid-
ering rst the effect of luminancenon-linearitieson a sim-
ple one-dimensionatignalcomposeaf a sumof two zero-
phasesinusoids:

f(x) = agsin(! 1x) + azsin(! 2x): ()

Whenthis signalis passedhrougha point-wiseluminance
non-linearity nev harmonicsare introducedwith ampli-
tudesthat are correlatedto the original harmonicq3]. To



seethis more explicitly consideran arbitrary non-linear
point-wisefunction expressedn termsof its Taylor series
expansion:
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Consideringonly the rst threetermsof this expansion,
droppingthe variousscalarconstantsand rewriting using
basictrigonometricidentitiesyields:

a(f (x)) f )+ f2(x)

ap sin(! 1x) + az sin(! 2x)

1a2(1+ sin(2! 1x)) + faj(1 + sin(2! 2x))
15)x):
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Notice the presenceof several new harmonics?2! 1, 2! ,,
I+ !,and!; !,. Noticealsothatthe amplitudesof
thesenew harmonicsarecorrelatedo theamplitudesof the
originalharmonics For exampletheamplitudeof ! 1+ 1! 5 is
proportionalto the productof the amplitudesof ! ; and! ».
Thisobsenationgeneralizeso arbitrarysignals/imageand
non-linearities.

In the following sectionswe will shav empirically that
whenan imageis passedhrougha non-linearity higher
ordercorrelationsn thefrequeng domainincreaseropor
tional to the “magnitude”of the non-linearity As aresult,
non-linearitiescan be estimatedand removed by simply
minimizing thesecorrelations.This procedurerequiresno
calibrationinformationor explicit knowledgeof the imag-
ing device. We rst shav how toolsfrom polyspectrabnal-
ysiscanbeusedto estimateghesehigherordercorrelations,
andthen shav the efcacy of the blind removal of lumi-
nanceand geometricnon-linearitiesin both syntheticand
naturalimages.
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2a;az sin((! 1 + ! 2)x) + 2a1a; sin((! 1

2. Bispectral Analysis

Considera one-dimensionagignalf (x), andits Fourier
transform:
F(1) = f(k)e " 4)
k=1

It is commonpracticeto usethepower spectrumto estimate
second-ordecorrelations:
P() = EfF()F (M)g; ®)
whereEf g is the expectedvalue operatoy and denotes
comple conjugate.However the power spectrumis blind
to higherordercorrelationof thesortintroducedoy anon-
linearity, Equation(3). Thesecorrelationscanhowever be
estimatedvith higherorderspectrgsee[10] for athorough

suney). For examplethe bispectrumestimateghird-order
correlationsandis de ned as:

B(11;!2) = EfF()F(2)F (P1+12)g: (6)
Note that unlike the power spectrumthe bispectrumof a
real signalis comple-valued. Comparingthe bispectrum
with Equation(3) we can seeintuitively that the bispec-
trum reveals the sorts of higherorder correlationsintro-
ducedby a non-linearity Thatis, correlationsbetweerhar
monicallyrelatedfrequenciesfor example,[! 1;! 1;2! 1] or
['1;!2;1 1+ ! 3]. Thebispectruncanbe estimatedoy di-
viding the signal,f (x), into N (possiblyoverlapping)sey-
ments,computingFourier transformsof eachsegment,and
thenaveragingtheindividual estimates:

X
é(' 1;! 2) = Ni
k=1

Fe(t DFk( 2F (Pa+ 12); (7)
whereFy () denoteshe Fourier transformof the k™ seg-
ment. This arithmeticaverageestimatoris unbiasedand of
minimum variance. However, this estimatorhasthe unde-
siredpropertythatits varianceateachbi-frequeng (! 1;! »)
dependonP (! 1), P(! 2),andP (! 1 + ! ;) (seee.g.,[7]).
We desirean estimatorwhosevarianceis independenbf
the bi-frequeng. To this end,we employthe bicoherence,
anormalizedbispectrumde ned as:

iB(!1;! 2)j? .
Eff F(! )F (! 2)j20Ef F (! 1+ ! 2)j%0

It is straight-forwardo showv usingthe Schwartanequality
thatthis quantityis guaranteedo have valuesin therange
[0; 1]. As with the bispectrumthe bicoherenceanbe esti-
matedas:

b(1 151 2) = (8)

P
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F R )R 22 IRk 1+ 12)j2
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Note that the bicoherenceis now a real-alued quan-
tity. This quantityis usedthroughoutthe paperto measure
higherordercorrelations.

3. Luminance Non-Linearities

Shaown in Figurel is a 1-D signalf (x), the log of its
normalizedpower spectrumog(P (w)) andits bicoherence
(normalizedaispectrumﬁ(! 1;! 2). Alsoshavnisthesame
signalpassedhrougha point-wiseluminancenon-linearity
f 1'5(x) andits power andbispectralresponse Notice that
while the non-linearityleaves the power spectrumlargely
unchangedhereis a signi cant increasen the bispectral
responselt is theintroductionof thesecorrelationghatwe
will exploit to estimateandremore imagenon-linearities.
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Figure 1: Shavn ontheleft is a fractalsignalandon the
right the signalpassedhrougha point-wisenon-linearity
While thenon-linearitylearesthepower spectrumargely
unchangedhereis a signi cant increasen the bispectral
responseThe axis of the bicoherenceorrespondso ! 1
and! ;. Theoriginisin thecenterandtheaxisrangefrom

[ 1

We bagin by consideringaparametrianodelof thelumi-
nancenon-linearity A genericoneparametegammafunc-
tionis givenby:

glu) = u; (10)

where u denotesa pixel's luminancevalue, normalized
into the range[0; 1]. The inversefunction is given by:
g Y(u) = u¥ . Givenanimagethat hasbeensubjected
to a non-linearity of this form, our taskis determinethe
valueof . This valueis blindly estimatedoy samplinga
rangeof inversegammavalues1= , applyingthe inverse
functiong *(u) to theimageandselectingthe value of
thatminimizesthe averagebicoherence.

To avoid the memory and computationaldemandsof
computingan images full four-dimensionalbicoherence,
our analysisis restrictedto the 1-D horizontal scanlines
of an image. This is reasonablesince luminancenon-
linearitiescantypically be modeledas a point-wise oper
ationsothatthe correlationgntroducedn 1-D will besim-
ilar tothosein 2-D. Thenon-linearityg(u) for ascanlineis
estimatedy searchingor theinversefunctiong *(u) that

average bicoherence
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Figure2: Shovnisthebicoherencef agammacorrected
fractalimagef ¥'°(x; y), computedor arangeof inverse
gammavalues[f 15(x; y)] " Thebicoherenceeaches
auniqgueminimumat ! = 1=1:5.

minimizesthebicoherenceveragedacrossll frequencies:

X X
B! ;0 (11)

1= I o=
Where‘r\)(! 1;1 2) isthebicoherencele nedin Equation(9).
Thenon-linearityfor animageis estimatedy averagingthe

estimatedor eachhorizontalscanline (or asubsebf them).

In practicethis simple searchstratey is effective be-
causethe function being minimized is typically well-
behaed,i.e.,containsasingleminimum. Thisis illustrated
in Figure2 wherethebicoherencés plottedasafunctionof
varyinginversegammavalues.In thisexamplea512 512
fractalimagewith al=! powerspectrunandrandomphase
is subjectedo a non-linearitywith = 1:5. Notethatthe
bicoherenceeachesuniqueminimumat % = 1=1:5.

Showvn in Figure 3 are ten imagestaken from the
databaseof [12]. The 8-bit images, 1024 1536 in
size, were originally calibratedto be linear in intensity
Eachimagewasthen printed (one non-linearity),digitally
scanneda secondnon-linearity)with a atbed scanne(8-
bit, grayscale)andthen subjectedo a variety of gamma
valuesin therang€|0:4; 2:2]. Groundtruthis determinedy
appendinga small calibrationstrip to the bottomof theim-
ageprior to printing. Theactualnon-linearityis determined
from this calibrationinformation,but only the original im-
ageis usedin theblind estimation.

Thebicoherencéor a1-D horizontalimagesliceis com-
putedby dividing the signalinto overlappingsegmentsof
length 64 with an overlap of 32. A 128-pointwindowed
DFT is estimatedfor eachseggment, from which the bico-



gamma
image 0.42 0.80 1.10 1.63 211
0.53 0.70 096 159 2.17
0.47 081 112 159 2.18
0.46 0.73 1.06 148 2.13
0.42 0.72 1.00 156 2.16
0.43 0.77 1.02 157 2.17
0.54 086 1.10 158 2.18
0.46 0.80 1.07 157 2.18
0.46 0.79 1.08 149 2.15
0.50 0.89 1.09 151 2.16
0.48 0.79 1.11 149 2.19

Figure 3: Eachinitially linear imageis printed, dig-
itally scannedand then syntheticallygammacorrected
with 2 [0:4; 2:2]. Shown arethe estimatedyammaval-
uesdeterminedy minimizing thebicoherence.

herences estimated! Thereis a naturaltradeof between
sgmentlengthandthe numberof samplesrom which to
average. We have found empirically that theseparameters
offer a good compromise however their precisechoiceis
notcritical to the estimatiorresults.

Theamountof gammais estimatedor a horizontalscan
line by applyinga rangeof inversegammavaluesbetween
0.1and3.6in incrementof 0.1 andselectinghevaluethat
minimizesthe averagebicoherencelzquation(11). Thees-
timatefor the entireimageis determinedy averagingthe
estimatedrom every sixteenthscanline. Shovnin Figure3
are the estimatedgammavalues. On average,the correct
gammais estimatedvithin 7.5%of theactualvalue.

4. Geometric Non-Linearities

As with luminance non-linearities, geometric non-
linearities(e.g.,lensdistortions)introducesspeci c higher
order correlations. This can be seenby rst considering
what effect a geometricnon-linearity hason a 1-D sig-
nal. Consider for example, a pure sinusoid: f,(x) =
a; cog! 1x), andfor purpose®f exposition,considerlsim-
plied geometricdistortion: f4(x) = aj cos 1x?). It is
straight-forwardo show that, unlike the undistortedsignal,
this signalis composedf a multitude of (correlatedhar
monicswhich yields an increasein the bicoherence.This
obsenationgeneralizeo arbitrarysignals/imageandnon-
linearities.

As with the luminance non-linearities, the blind re-
moval of geometricnon-linearitiesrequiresa parameter
ized model. For the purpose®f removing lensdistortions,
we considera one-parameteradially symmetricdistortion
model. Denotethe desiredundistortedmageasf , (x; y),
andthedistortedimageasf 4 (¢ ), where:

x=x(1+ r? and y=y@d+ r?); (12)

andr? = x2+ y?, and controlsthe amountof distortion.
Given only a distortedimageour taskis to determinethe
valueof . To accomplishthis we begin with a distorted
imagef 4, and samplea rangeof possible values,apply
the inversedistortionto f 4 yielding an undistortedimage
fu, computethe averagebicoherencef f ,, Equation(11),
andselectthevalueof thatminimizesthis quantity

Givena guessasto the amountof distortion, , thedis-
tortionis invertedby solving Equation(12) for the original
spatialcoordinates andy, andwarpingthedistortedmage
onto this samplinglattice. Solving for the original spatial
coordinatess donein polarcoordinatesvherethe solution
takeson a particularlysimpleform.

To avoid the memory and computationaldemandsof
computingan images full four-dimensionalbicoherence,

1Thesignalis rst zero-meanedndthenwindowedwith a symmetric
Hanningwindow prior to estimatingthe DFT.



camera calibrationtamget

distort undistort

Figure 4: Shovn alongthetop is a smalllow-gradecam-
era,anda calibrationtargetusedto manuallycalibratethe
lensdistortion. Shovn below is animageof the calibra-
tion tametbefore(left) andaftercalibration(right).

the bicoherencds estimatedfrom one-dimensionatadial
slicesthroughthe centerof theimage. Thisis reasonablé
we assume radially symmetricdistortionandthatthe dis-
tortionemanatefrom thecenterof theimage 2 Theamount
of distortionfor aradial sliceis estimatedyy a bruteforce
searchor theinversedistortionthat minimizesthe average
bicoherencet-quation(11). Theamountof distortionfor an
imageis thenestimatedoy averagingthe estimatefrom a
subsebf radial slices(every 10 degrees).The bicoherence
wasestimatedasdescribedn the previous section. Values
of from -0.5to 0.1in stepsof 0.02were sampled. The
asymmetnyin thesamplingrangewasfor computationaéf-
ciency, andreasonablé our exampleswith strictly nega-
tive lensdistortions.

Shown in Figure 4 is a low-gradecamerausedin our
experimentsAlso shavn in Figure4 is animageof thecal-
ibration target beforeandafter calibration. The amountof
distortionwasmanuallyestimatedobe = 0:16. In the
absencef this calibrationinformationthe amountof dis-
tortion wasblindly estimatedor eachof theimagesin Fig-
ure5. Theindividual estimatesare 0:20, 0:02, 0:10,
and 0:14, with anaverageestimateof 0:13

Becausaf theunavoidablenon-linearinterpolationstep
involvedin the warpingduring the modelinversion,corre-
lationsarearti cially introducedthatconfoundthoseintro-
ducedby thelensdistortion. As such,in all of our results

2|f the imagecenterdrifts, thena more complexminimizationis re-
quiredto jointly determinetheimagecenterandamountof distortion.

distort(-0.16) undistort(-0.13)

Figure 5: Shawn are several distortedimages(left) and
theresultsof blindly estimatingandremoving thelensdis-
tortion (right).

the estimatedistortion is relatedto the actualdistortion
0 by the following empirically determinedcubic relation-

ship:

O= 157843 0:7752 2+ 1:6621  0:0089 (13)

We have foundthaterrorsin the estimationof geometric
non-linearitiesaretypically higherthanthoseof luminance
non-linearities.We suspecthat thereare at leasttwo rea-
sonsfor this. First, the imagesusedin theseexperiments
are480 640, signi cantly smallerthanthoseusedin the
removal of luminancenon-linearities. The shortersignal
lengthmakest moredif cult to obtainanaccurateestimate
of the bicoherence.Second,geometricnon-linearitiesin-
troducea multitude of correlationswhile the bicoherence
only measuregorrelationsbetweenharmonicallyrelated
frequenciesIin numeroussimulationg(not presentedhere),
we wereableto overcomethe noisierestimatedy simply
averagingover vetotenimages.As suchweshaw in Fig-
ure 5 the resultsof averagingthe estimatedrom all four
images.In practice this shouldnot be burdensomeasit is
relatively easyto acquirea smallnumberof images.



5. Discussion

Image non-linearities introduce speci ¢ higherorder
correlationsin the frequeng domain. Using tools from
polyspectralanalysis,thesenon-linearitiescan be blindly
estimatedandremoved by simply minimizing thesecorre-
lations.In sodoing, neithercalibrationinformationnor ex-
plicit knowledgeof theimagingdevice is required.We did
assumea parametricmodel of the non-linearity We also
assumedhat the imagenon-linearitiesare applied unifor-
mally throughoutheimage.A device thatemploysfor ex-
ample,local gain controlwill requirea moresophisticated
inversiontechniquethat allows for multiple spatiallyvary-
ing modelparameters.

The blind estimationof luminancenon-linearitieshas
provento bereasonablyaccuratdor mostapplications.The
adwantageof thisapproachs thatit doesnotrequireary cal-
ibration. Thedrawbackis thatthe blind estimatiorrequires
acomputationallymoreintensive estimatiorof the bicoher
enceacrossarangeof possiblenodelparametersSincethe
minimizationis well behaedthis bruteforce searctshould
bereplacedvith amoreef cient searche.g.,agradientde-
scentminimization).

The accurag of blindly estimatinglensdistortionis by
no meanscomparabldo thatbasedon calibration.As such
we don't expectthatthis approactwill supplantothertech-
niguesin areasvherea high degreeof accurag is required.
Ratherwe expectthis approactto beusefulin areasvhere
only qualitative resultsarerequired.

It is intriguing to obsene that the non-linearitiesin an
imaging device canfundamentallychangethe statisticsof
animagewhile not dramaticallyalteringthe appearancef
animage. This may prove to be usefulfor understanding
andclassifyingthe statisticsof naturalimages.
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